We study the physical properties of the persistent charged current in a metal ring on a noncommutative phase space, and temperature dependence of the noncommutative corrections are also analyzed. We find that the coordinate noncommutativity only affects the total magnitude of the current, and it is difficult to observe it. In contrast, the momentum noncommutativity can violate symmetry property of the current, and this violation of symmetry holds at a finite temperature. Based on this violation effect, we introduce an asymmetry observable to measure the momentum noncommutativity.
Introduction
One of the most important ingredients of Quantum Mechanics (QM) is the noncommutativity of physical quantities. Evolution of the quantum system is governed by the elementary noncommutative algebras. The commutators among position and momentum operators, [x i , x j ] = 0, [p i , p j ] = 0, [x i , p j ] = i δ ij , are fundamental algebras, and go into any quantum phenomena. However, there is no any guarantee which can protect above commutators. Noncommutative space, which is characterized by following algebra,
is an extension of those relations, and parameterized by the totally anti-symmetric constant tensor θ µν which has dimension of length-squared. Mathematically, the noncommutative space can be a candidate of the physical background space-time. On the other hand, noncommutative property can also appear in new physics models, for instance, string theory embedded in a background magnetic field [1] , quantum gravity [2] [3] [4] [5] , and in real quantum system [6, 7] . Due to that above extension is fundamental, all the quantum physics are deformed, and scaled by the parameter θ µν . For instance, breaking of rotational symmetry [8, 9] , distortion of energy levels of the atoms [10, 11] , corrections on the spin-orbital interactions [12] [13] [14] as well as quantum speed of relativistic charged particles [15] [16] [17] [18] and fluid dynamics [19] .
Most importantly, the spatial component of the noncommutative parameter (θ µν ), θ ij , behaves like a permanent magnetic dipole moment, and gives a contribution ijk θ ij B k to the energy of system. This correction can affect the electromagnetic dynamics of charged particles. It has been shown in Refs. [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] that magnetic flux due to the permanent dipole moment can modify the Aharonov-Bohm effect [30] as well as the Aharonov-Casher effect [31] . Furthermore, the magnetic flux can also generate persistent charged current in a metal ring. In Ref. [32] , it was shown that the persistent charged current [33] [34] [35] is sensitive to the spatial noncommtuativity, and can be employed to probe the low energy residual effects of possible new physics at high energy scale. However, the analysis in Ref. [32] was done by using simple shift method which in general can not lead to gauge invariant result [22, 23, 29, 36] . Furthermore, the persistent current in real metal ring is also affected by temperature, cross section etc. Therefore, a more realistic investigation is necessary.
In this paper, we will use the Seiberg-Witten (SW) map [1] which preserves the gauge symmetry to study the noncommutative effects on the persistent current in a metal ring, and analyze temperature dependence of the noncommutative corrections.
The contents of this paper are organized as follows: in Sec. 2 we introduce the Hamiltonian of a charged particle on noncommutative phase space; in Sec. 3 we will study the noncommutative corrections on the persistent current in a metal ring, and based on symme-try property of the persistent current we introduce a new asymmetry observable for probing the noncommutativity of phase space; in Sec. 4, we study the temperature dependence of the persistent current, as well as thermal effects on the asymmetry observable proposed in Sec. 3; our conclusions are given in the final section, Sec. 5.
Noncommutative Hamiltonian
Noncommutative extension of the underlying space-time is characterized by the algebra in (1). However, in consideration of that the momentum operators are defined as the derivatives with respect to coordinates, it is natural to consider further extension with noncommutative momentum operators defined by following algebra [26, 32, [36] [37] [38] [39] [40] [41] ,
where ξ µν is also a totally anti-symmetric constant tensor with dimension of squared energy.
Physical effects of the above extension have been studied in various aspects [26, 32, [36] [37] [38] [39] [40] [41] .
And a more general extension on the generators of whole Poincare group was conducted recently in Ref. [42] . Therefore there is strong phenomenological motivations to study the extensions (1) and (2) simultaneouslly.
The two parameters θ µν and ξ µν parameterize the electromagnetic interactions on noncommutative space, and scale any new physics due to non-triviality of the background space-time. In general, all their components can be nonzero. However, non-vanishing terms θ 0i and/or ξ 0j can violate unitarity, therefore, in this paper, we consider only the spatial noncommutativity of both coordinates and momenta. While the coordinate noncommutativity can not be taken into account by using simple shift method, following transformation can be used to realize the algebra in (2) [36] ,
and can give gauge invariant physical contributions [36, 41] . According to this transformation, the Lagrangian for a charged particle interacting with external electromagnetic fields
where Q is the charge of matter particle in unite of |e|, and the total potential A N C;µ is a sum of original one A µ and an effective term A ξ;µ emerging from the transformation (3),
In the above derivation of the explicit expression of A ξ;µ , we have defined theẑ-axis along the direction of the vector ξ, where the components of ξ are related to ξ ij by the relation
In this configuration, the non-zero components are only ξ 12 = −ξ 21 = ξ, and the effect of momentum noncommutativity is an addition of a constant magnetic background field
over the whole space.
For the coordinate noncommutativity, it has been shown that the Seiberg-Witten (SW) map [1] from the noncommmutative space to the ordinary one preserves the gauge symmetry, and has been proved to be very useful to investigate various problems on noncommutative space [29, [43] [44] [45] [46] [47] [48] [49] [50] . Therefore we will use the SW map to study the noncommutative corrections induced by the nontrivial algebra in (1) . For the U (1) gauge symmetry the SW map is given by
where
µ is the effective electromagnetic field strength tensor.
Then in terms of the ordinary fields the noncommutative Lagrangian (4) can be written as,
where D N C;β = ∂ β +iQA N C;β is the covariant derivative. This Lagrangian is gauge invariant because the noncommutative corrections depend only on the covariant derivative D N C;β and the electromagnetic field strength F N C;µν . Therefore, the noncommutative corrections on the AB phase shift can be defined unambiguously, and can be interpreted consistently on the commutative and noncommutative phase spaces. The equation of motion can be obtained directly from this Lagrangian as follows,
where we have multiplied a factor (1 − Qθ αβ F N C;αβ /4) −1 to simplify the expression. By
with respect to the noncommutative parameter θ µν , one can see that the correction proportional to Qθ αβ F N C;αβ can be neglected at the first oder of the noncommutative parameter θ µν . In some studies this term was taken into account through the renormalization of the particle charge. However, for consistence, from here and after we will keep only the leading order terms. Therefore we will consider only the correction which involves the covariant derivative. Under this approximation, the equation of motion can be written as
The deformed Dirac equation is similar to the Dirac equation in curved space-time with metric g αβ . The leading order effect of the noncommutative phase space behaves like a perturbation on the flat space-time defined by the metric η αβ . The perturbation depends on the external magnetic field, noncommutative parameters as well as their relative angles.
The Hamiltonian resulting in equation of motion (11) is
The non-relativistic approximation can be obtained by using the well-know Foldy-Wouthuysen unitary transformation (FWUF) [51] , which approximately block diagonalizes the Dirac
Hamiltonian by separating the positive and negative energy part of its spectrum. Neglecting the spin degree of freedom the non-relativistic Hamiltonian is
is the effective mass on the noncommutative phase space, and φ 0 = h/e is the fundamental magnetic flux. Because of that |θ||ξ| 2 , and furthermore usually the external magnetic field | B| is much stronger then the noncommutative background | B ξ |, the mass renormalization effect given in (15) can be approximated as
. This means that, in non-relativistic limit, coordinate noncommutativity only affect the effective mass of charged particles.
Persistent Current and Asymmetry
The noncommutativity of space-time can distort the electromagnetic dynamical behavior of charge carriers, and their properties are essentially determined by the Hamiltonian given in (14) . In this section we study the noncommutative effects on the persistent charged current in a metal ring [32] . We will ignore the effects due to finite cross section of the metal ring, such that motion of the electrons are confined in a ring with radius R. We choose a reference frame in which the ring lies in the xy-plane and is centered on the origin, and the dynamical variable is only the azimuthal angle variable ϕ in this plane. In presence of an universal external magnetic field B = (0, 0, B), according to the Hamiltonian given in (14) , the corresponding static noncommutative Schrödinger equation is
where B N C = B − B ξ is the noncommutative corrected magnetic field, and the symmetric gauge was used in above derivation. Furthermore, we have set Q = −e for electrons. The solutions of the (16) are ψ n = e inϕ / √ 2π with integral quantum numbers n, and energy levels
where φ N C = πR 2 B N C is the total magnetic flux and L = 2πR is the length of the metal ring. Similar to the results in ordinary phase space, the energy eigenvalues n are parabola in the magnetic flux φ N C for a given quantum number n, however it is periodic overall in magnetic flux φ N C with even spacing of the different n . This property results in periodic velocity and hence charged current. By using the Heisenberg equation, one can easily obtain the expectation value of the one-particle mechanical velocity operator at the quantum state
The corresponding charged current can be obtained by multiplying v n by −e/L since the electron turns through a given point v n /L times in an unite time,
While persistent currents are usually associated with superconductors, it can also exist in some resistive material as well, as long as the mean scattering length is considerably larger then the length of ring [33] [34] [35] . The current (19) is the single-level contribution to the persistent charged current. In case of a real ring, currents from many electrons have to be summed up. In consideration of that the long-range interactions within the metal is suppressed due to the charge screening effect, we will neglect the interactions among those electrons. This approximation is not straightforward because the noncommutative correction is expected to be small. Therefore this approximation is valid only in the case of that the noncommutative correction is larger then the contributions of long-range interactions.
Here we simply assumed this approximation is justified, and discuss it when the temperature effect is included.
For 0 < φ N C < φ 0 /2, the energy levels are arranged in ascending order, i.e., 0, −1, +1, −2, +2, . . .. For −φ 0 /2 < φ N C < 0, the ordering of levels is reversed for each n. Because of the linearity of the current in quantum number n, the contributions from positive integer +n and negative integer −n are cancelled with each other. Therefore in case that levels are filled by both positive and negative quantum number n, the net contribution is linearly proportional to the magnetic flux φ N C . Denoting the highest level filled with both positive and negative integers as N , then the total current in this case is
Here, we have taken into account of the twofold degeneracy of each level due to spin. This result is also valid for −φ 0 /2 < φ N C < φ 0 /2 since the cancellation explained above happens in spite of the sign of the magnetic flux φ N C . The contributions of next four electrons to the total current are,
where σ = sgn(φ N C ) is the sign of φ N C , and the superscript of I N +1 is used to indicate the number of electrons that have been added to the system. One can clearly see that, due to the cancellation, the total current always has a magnitude of the order of the current contribution from the highest energy. At a static state with n = N , according to Eq. (18), the Fermi velocity of the N th level at φ N C = 0 is v F = hN/m θ L. Therefore, no matter how the energy levels are filled, the typical magnitude the total current is of order
Since this value has the same magnitude as that of the electron in the highest occupied level, each additional electron has a strong effect on the flux dependence of the current.
Therefore, the magnetic flux dependence is sensitive to the number of electrons in the ring.
In Ref. [32] , the authors studied the currents by distinguishing even and odd number of electrons. However, for an ensemble of rings, the number of electrons has a spread, hence averaging the currents among different number of electrons is necessary. Therefore we will don't study the currents separately, we are aiming to find observables that are independent of the number of electrons.
From above results one can see that the charged current receives noncommutative corrections in two ways. The first one is through the renormalization of the electron mass, and hence of the Fermi velocity v F = hN/m θ L. This correction is independent of the number of electrons (in the limit N 1). However, the noncommutative correction is too small, for √ θ ∼ 1fm the correction is at the order of 10 −15 . Therefore for an ideal ring the correction due to noncommutativity of coordinate operators is completely negligible. In case of finite temperature, the Fermi velocity is affected by thermal fluctuation, hence there is a hope to probing the θ-dependent correction through the thermal behavior. However, we will shown in next section that this is also challengeable.
The second one is violation of symmetry property of the persistent current. In the ordinary phase space, i.e., φ N C = φ = πR 2 B, the current is antisymmetric about φ N C = 0, i.e., I(−φ N C ) = −I(φ N C ), and hence the null-point is defined by the condition B = 0, i.e., I(−B) = −I(B). Nevertheless, on noncommutative phase space, this null-point is shifted by the noncommutative correction which is independent of the external magnetic field B, i.e., I(−B) = −I(B) + 2I ξ , where I ξ denotes the B-independent part of the current I(B). Therefore an asymmetric observable can be defined to probe the noncommutativity of the momentum space. Here we introduce following asymmetry observable to measure the noncommutative effects,
where I B denotes the B-dependent part of the current I(B). For an idea ring, the persistent current is given by (20) , thus the asymmetry can be written as
Clearly, this asymmetry vanishes in the limit ξ → 0. On the other hand, the asymmetry A ξ is independent of the noncommutative parameter θ, hence it measures only the noncommutativity of the momentum space. Furthermore, the sign of the noncommutative parameter ξ can also be measured. This asymmetry is also affected by thermal fluctuation, and the details are given in next section.
Temperature Dependence
In last section we have obtained the noncommutative corrections on the persistent charged current generated by external magnetic field in a metal ring. In this section we study their temperature dependence. For convenience we will use another expression of the sing-level current to study the thermal effects. In last section, we derive the charged current by using the Heisenberg equation. In fact it can also be obtained by differentiating the energy with respect to external magnetic flux,
We have checked that these tow approaches lead to same result in our case. In this approach, the total current at temperature T can be written as
where f ( n , µ, T ) is the Fermi-Dirac distribution function, and Ω is the grand potential of thermodynamics. In our case, the grand canonical potential can be written as
where β −1 = k B T ; F is the Fermi energy, and ( , φ N C ) = n g n δ( − n (φ N C )) is the fluxdependent density of states with degeneracy g n . In the following analysis we will neglect the spin-dependent interactions, and in this approximation g n = 2. Rewriting the density of states in terms of its hamornics, and performing integration by parts, one can obtain
where ν N C = φ N C /φ 0 , and the function f ( , F , T ) is the derivative of Fermi-Dirac distribution, and given by following expression
which is peaked around the Fermi energy F with characteristic width β −1 . The corresponding current can be obtained by using (28),
Typically, the temperature k B T of the metal system is much less then the Fermi energy F ,
i.e., k B T F , therefore, the factor k will be of order
is much larger then 1 for a typical length of ring L = 1µm. Therefore, contributions from the oscillation term sin(pkL)/(pkL) in the integral (32) can be safely neglected. The contributions from the term proportional to cos(pkL) can be calculated perturbatively by
where r = / F − 1 is a small quantity as explained above. In the following calculations, we will keep only the linear terms of r. This approximation simplifies the calculations, however some conditions must be satisfied in order to get reasonable noncommutative corrections.
The leading order noncommutative correction on k is given by
while the second order thermal contribution is given by
Therefore the critical temperature, above which the θ-dependent noncommutative correction will be washed out by the thermal motion, is given as follows
In Fig. 1 we shows the dependence of the critical temperature T θ on noncommutative parameter θ. The black-solid line shows T θ for external magnetic field B = 1T, while the reddashed line shows the case of B = 10T. Since the Fermi velocity v F is relatively stable among most of metal, we have used a typical value v F = 1 × 10 6 m · s −1 in the estimation.
We can see from the figure that for a space noncommutativity at the TeV scale, a temperature bellow 1µK is necessary, which is challengeable for now. Therefore in the following discussions, we will neglect this correction. In this approximation the temperature-dependent current is given as
where the factor κ p = T /T p with a typical temperature
, and the function g(κ p ) is defined as
For T > T p , the p th harmonic of the current decays exponentially as temperature increasing.
Furthermore, the total current is sinusoidal in the magnetic flux, which is different from the linearity as given in (20) . Furthermore, according to the definition of the asymmetry given in (25) , the temperature dependent asymmetry is
where ν = φ/φ 0 and ν ξ = φ ξ /φ 0 . However, since denominator of A ξ is sinusoidal in the filling factor ν, and hence occasionally the value of A ξ can be unreasonably huge. Therefore, it is more convenient to define an averaged asymmetry over a certain range of the external 
Conclusions
In summary, we have studied the noncommutative corrections on the persistent charged current in a metal ring, as well as their temperature dependence. Based on the SW map, the non-relativistic Hamiltonian on a noncommutative phase space was obtained by using the FW transformation. At the leading order of noncommutative parameters, the corrections due to coordinate and momentum noncommutativity come into play through the mass renormalization and shift of the external magnetic flux, respectively. Due to that the mass renormalization affects only the total magnitude of the current, it is challenging to measure the coordinate noncommutative parameter θ. However, the noncommutativity of momentum can violate symmetry property of the persistent current. Furthermore, this violation effect still exist at a finite temperature. Based on this violation effect, we have introduced an asymmetry observable, which is sensitive to the momentum noncommutativity, to measure the corresponding parameter ξ. In practice, the finite cross section of the metal ring affects also the persistent current. However, the symmetry property is preserved even in this case. Therefore, the observable introduced in our paper is essential to probe the momentum noncommutativity.
